Abstract. Mechanical dampers have been proved to be one of the most effective countermeasures for vibration mitigation of stay cables in various cable-stayed bridges over the world. However, for long stay cables, as the installation height of the damper is restricted due to the aesthetic concern, using passive dampers alone may not satisfy the control requirement of the stay cables. In this connection, semi-active MR dampers have been proposed for the vibration mitigation of long stay cables. Although various studies have been carried out on the implementation of MR dampers on stay cables, the optimal damping performance of the cable-MR damper system has yet to be evaluated. Therefore, this paper aims to investigate the effectiveness of MR damper as a semi-active control device for the vibration mitigation of stay cable. The mathematical model of the MR damper will first be established through a performance test. Then, an efficient semi-active control strategy will be derived, where the damping of MR damper will be tuned according to the dynamic characteristics of stay cable, in order to achieve optimal damping of cable-damper system. Simulation study will be carried out to verify the proposed semi-active control algorithm for suppressing the cable vibrations induced by different loading patterns using optimally tuned MR damper. Finally, the effectiveness of MR damper in mitigating multi modes of cable vibration will be examined theoretically
Introduction
With the application of new materials and new construction technologies, the main span of cablestayed bridge increases significantly and has exceeded 1000 m. As the main force-bearing components in cable-stayed bridges, the length of stay cables increase as well. Thus, using passive dampers alone may not satisfy the control requirement of the stay cables. In this connection, semiactive MR dampers have been proposed for the vibration mitigation of long stay cables for the advantage of lower energy consumption, adjustable input and wide control range. Wu and Cai (2006) carried out performance test on MR damper and studied the effect of input current, frequency, type of excitations and temperature on damper behavior, and they also conducted the scaled cable vibration tests and found that MR damper is effective for mitigating cable vibrations. Liu et al. (2006) conducted series of scaled cable vibration tests to verify the control effectiveness *Corresponding author, Associate professor, E-mail: hongweih@tongji.edu.cn of semi-active MR damper as compared to the passive dampers. Weber et al. (2007a Weber et al. ( , 2007b Weber et al. ( , 2007c applied the energy equivalent approach to model MR damper as equivalent linear viscous damper or nonlinear friction damper in the theoretical and experimental studies of cable vibration control using MR dampers. Besides theoretical work and lab testing, MR dampers have also been applied to real bridge projects, such as the Eiland bridge nearby Kampen, The Netherlands (Weber et al. (2005) ), the Dongting Lake Bridge (Chen et al. (2001) , Wang et al. (2003) , Duan et al. (2006) ), Third Qiantang River Bridge (Wu et al. (2004) ), Bingzhou Yellow River Highway Bridge (Li et al. (2007) ) and Sutong Bridge in China.
Although various theoretical and experimental studies have been carried out on the implementation of MR dampers on stay cables, the unique dynamic characteristic of cable vibration has not been fully taken into consideration in the derivation of control algorithms, and the optimal damping performance of the cable-MR damper system has yet to be evaluated. Also, the mathematical model of MR damper developed so far appears to be too complex when incorporated into the control system of stay cable, and therefore, most of the bridges are installed with MR dampers in a passive-on mode without the application of semi-active control algorithm. In this connection, a simple relation between the damping parameters of MR damper and the input current has to be established, in order for the derivation of semi-active control algorithms for stay cable using MR damper.
Therefore, this paper aims to study the optimal damping performance of the cable-MR damper system and to investigate the effectiveness of the MR damper as a semi-active control device for the vibration mitigation of stay cable. The mathematical model of the MR damper will first be studied through a performance test, and the relation between the damping parameters and the input current will be established. Then, an efficient semi-active control strategy will be derived, where the damping of MR damper will be tuned according to the dynamic characteristics of stay cable, in order to achieve optimal damping of cable-damper system. Simulation study will be carried out to verify the proposed semi-active control algorithm for suppressing the cable vibrations induced by different loading patterns using optimally tuned MR damper. Finally, the effectiveness of MR damper in mitigating multi modes of cable vibration will be examined theoretically.
The MR damper under consideration in this paper is RD-1005-03 developed by the LORD Corporation, which is a popular damper in civil engineering practice.
Performance test of MR damper
A performance test was first carried out to verify the mathematical model of the MR damper, where the relationships between the equivalent damping of the MR damper and the input current was established. This mathematical model will be used in the derivation of semi-active control algorithm in the following session.
Experimental set up
The MR damper, RD-1005-03, developed by the LORD Corporation was used, and the test was performed on the MTS material testing machine in the Mechanical Lab of Shanghai Jiao Tong University.
The external excitation was input in the form of displacement, i.e.,
where the amplitude and frequency are changed for different loading cases, and the input current for MR damper also varies under each loading pattern. The damper forces and displacement are measured for more than 40 cycles with sampling frequency higher than 1000 Hz. Due to the limitation of the test machine, the maximum input velocity can be achieved is f.A < 10 mm/s. The test scenarios are summarized in Table 1 . The force-displacement and force-velocity hysteresis loops of the MR damper are plotted in Figs. 1-2 for one of the test scenarios as representation. It can be seen that when the input current of MR damper increases from 0 to the maximum working current of 2A, the area of hysteresis loop first increases significantly, then the rate of increment begins to slow down when the input current exceeds 0.5A, which indicates the nonlinear damping behavior of MR damper with changes of input current. 
Equivalent damping
In the optimal design of stay cable with dampers, the maximum additional damping achieved by the cable-damper system is determined using the universal curve which bases on linear damper theory. Hence, in order to use the same universal curve for the optimal design of cable-MR damper system, the linearly equivalent damping of MR damper is considered. The equivalent damping of MR damper can be computed based on the energy dissipation of the damper under each cycle of hysteresis loop. The energy dissipation of every hysteresis loop can be calculated using the following equation (2) where F d is the damping force, and is the damper velocity. Then the equivalent damping of the damper can be obtained as (3) where W d is the magnitude of vibration, and τ is the period.
Parametric identification
The equivalent damping of the MR damper for each testing case is obtained using the above equations. The relation between the equivalent damping and the input current is plotted in Fig. 3 with selected test cases, and the relation between the equivalent damping and the maximum damper velocity is presented in Fig. 4 . It can be seen from the figures that the equivalent damping has a bilinear relation with the input current for the same damper velocity, and has a nonlinear relation with the maximum damper velocity with certain input current. These relations can be summarized and represented using the following equations after curve fitting. In the above equations, C is the linear equivalent damping of the MR damper, C e and F e are coefficients bilinearly related to the input current as shown in Fig. 5 , and V max is the maximum velocity of the damper. The parameters c 1 , c 2 , c 3 , c 4 , f 1 , f 2 , f 3 , f 4 could be determined by curve fitting and the values are summarized in Table 2 .
Eqs. (4)- (6) will be used to estimate the equivalent damping of the MR damper in the design of semi-active control algorithms for vibration mitigation of stay cable.
State-space representation of cable-damper system
A cable-damper system is shown in Fig. 6 , where L is the length of the cable, m is the mass per unit length, c is the uniform inherent damping of the cable, and T is the cable force. The location of the damper is denoted as x d , which is the distance from the damper to the anchorage of the cable. Assuming that the cable force is unchanged under linear oscillations, the bending stiffness is negligible, and the effects of sag and inclination are ignored, the equation of motion of a taut string can be established as follows (Johnson et al. (2007) ) (7) where v(x, t), and are the displacement, velocity and acceleration of the cable respectively, v"(x, t) is the second partial derivative of with respect to x, F d (t) is the damping force at the damper location, f(x,t) is the distributed load applied over the cable, and δ(x-x d ) is the δ- Table 2 Parameters c 1 , c 2 , c 3 , 
Assuming the series of solution to Eq. (7) are in the form of (8) where ϕ j (x) is the mode shape function with ϕ j (0) = 0 and ϕ j (L) = 0. Substituting Eq. (8) into Eq. (7) using a standard Galerkin approach, and integrating along the full length of the cable, the equation of motion of the cable-damper system can be expressed as (9) where q = [q j (t)] is the generalized displacement vector, and (10) (11) (12) (13) Using a control oriented model proposed by Johnson et al. (2007) , the mode shape functions are (14) and the mass, stiffness and damping of the cable are expressed as Introducing a state vector Z = , Eq. (9) can be transformed into the state-space representation of the cable-damper system as (18) where (19) 4. Semi-active control algorithm
The semi-active control algorithm for mitigating cable vibrations using MR damper is illustrated by the flow chart shown in Fig. 7 .
Expressing the control force or the damping force of MR damper as (20) where L is the feedback gain matrix. Substituting Eq. (20) 
Based on the model of linear damper, the damping force can be written as the product of damping coefficient and velocity, and if the damping force of MR damper in Eq. (20) is represented as the optimal damping force, the following relation can be obtained (24) Comparing Eqs. (20) and (24), it can be shown that the feedback gain for optimal control is (25) where C d,opt is the optimal linear equivalent damping of the MR damper, which can be determined using the Universal Damping Curve for linear dampers (Krenk (2000) ) as shown in Fig. 8 . Horizontal axis is the dimensionless damping coefficient of damper represented as (26) where C d is the linear damping coefficient of damper, ω 1 is the 1 st natural angular frequency of the cable, and i represents the i th vibration mode, and vertical axis is the ratio between the damping ratio of cable ξ j and the relative installation position of damper x d /L, which can be approximately represented as (27) When the cable achieves the maximum damping ratio, one has (28) The value of k can be obtained from Eqs. (27) and (28) as (29) and the corresponding optimal damping coefficient of the damper can be calculated from Eqs. (26) and (29) as (30) For the optimal tuning of MR damper, i is chosen as the dominant or principle vibration mode which can be identified by signal processing the displacement response using the following equation (31) where q j (t) is the modal displacement of j th mode, and index() is a function which returns the subscript of a selected element in a vector.
After determining the optimal damping coefficient C d,opt , the optimal input current I opt for MR damper can be obtained using Eqs. (4)-(6).
Numerical studies
Numerical simulation has been carried out to study the performance of MR damper for mitigating the vibration of stay cable. The finite element model of the cable was established based on the cable used in a full-scale test presented in Huang et al. (2009) , where the cable parameters are summarized in Table 3 . The inherent damping ratio of the cable is assumed to be approximately 0.1%. Using the state-space representation of cable-damper system shown in session 3, the semi-active control algorithm proposed in session 4 was applied to compute the optimal damping of the cable-damper system, and consequently, obtain the corresponding optimal input current for the MR damper. Three different patterns of cable vibration were considered, including free vibration, forced vibration induced by sinusoidal loads and white noise excitation. The total length of vibration recorded was 120 seconds, and the sampling frequency was 100 Hz.
Free vibration
Free vibration was generated by first applying a harmonic load to the cable and then removing it after 5 seconds. The cable was undergoing single mode vibration, and the first three modes were considered. For each mode of vibration, the harmonic load was applied at positions L/2, L/4 and L/6 of the cable respectively, with frequency matches the corresponding natural frequency of the cable. The semi-active control algorithm proposed in session 4 was used to compute the optimal damping of the cable-damper system according to the mode of vibration generated. For 1 st mode vibration, Eq. (31) first returned the value of 1 after signal processing the measured displacement response, then Eq. (30) computed the optimal linear equivalent damping of the MR damper corresponding to the maximum cable damping for 1 st mode vibration, and finally the optimal input current for the MR damper was obtained through Eqs. (4)- (6) as 0.3A. For 2 nd and 3 rd mode vibration, similar computational process was carried out, except that Eq. (31) returned the value of 2 and 3 and the optimal input current for the MR damper were 0.6A and 0.9A, respectively.
The displacements of the cable at L/2, L/4 and L/6 of the cable and at the damper location were measured for each mode of vibration, with and without the installation of optimally tuned MR damper. The time history of the displacement responses from 0-40 seconds at measured locations and the corresponding power spectrums were shown in Figs. 9-11, where the solid line and the dotted line represented the measured data before and after installing the optimally tuned MR damper respectively. It can be seen from Figs. 9-11 that with the installation of the MR damper which was optimally tuned using the proposed semi-active algorithm, the vibration of the stay cable was significantly reduced. 
Sinusoidal excitation
In the previous session, only single mode of cable vibration was generated and the principle mode does not change throughout the vibration period. In this case, the MR damper had just to be tuned once and was working as a passive-on damper. In order to further demonstrate the application of semi-active control algorithm proposed in session 4, an artificial case of cable vibration was created by simulation, where the cable was excited by three different sinusoidal loads sequentially in order to generate different principle vibration modes at different vibration periods. In the first 20 seconds, the sinusoidal load with frequency equals to the 1 st natural frequency of the cable was applied at the mid-span. Then, in the second 20 seconds period, the sinusoidal load with frequency equals to the 2 nd natural frequency of the cable was applied at positions L/4 of the cable with magnitude twice as that in the first 20 seconds. Finally, in the last 20 seconds period, the sinusoidal load with frequency equals to the 3 rd natural frequency of the cable was applied at positions L/6 of the cable with magnitude thrice as that in the first 20 seconds. Under such arrangement of excitations, the cable was undergoing multi modes of vibration, where the principle vibration mode in the first 20 seconds was the 1 st mode, while in the second and last 20 seconds of vibration period was the 2 nd and the 3 rd mode respectively. Using the semi-active control algorithm proposed in session 4, the optimal damping of the cable-damper system was computed based on Eqs. (30) and (31). According to the principle vibration mode generated at each 20 seconds period, Eq. (31) returned the value of 1 from 0-20 seconds, 2 from 20-40 seconds and 3 from 40-60 seconds, respectively. Then Eq. (30) computed the optimal linear equivalent damping of the MR damper corresponding to the maximum cable damping for the principle mode vibration. Finally the optimal input current of the MR damper for each vibration period was obtained by Eqs. (4)-(6), which was 1.2A for the first period and 2A for the last two periods. This was because the computed input current in the last two periods exceeded the maximum working current of the MR damper, the maximum working current of 2A was used.
The displacements at L/2, L/4 and L/6 of the cable and at the damper location were measured, with and without the installation of optimally tuned MR damper. Due to the space limitation, only the time history of the displacement responses at the damper location and the corresponding power spectrums at each 20 seconds vibration period were presented in Fig. 12 , where the solid line and the dotted line represented the measured data before and after installing the optimally tuned MR damper respectively. It can be seen from Fig. 12 that the vibration of the stay cable was significantly reduced with the installation of the MR damper which was optimally tuned using the proposed semi-active algorithm. 
White noise excitation
Although the numerical example presented in session 5.2 studied the case of multi modes cable vibration, the external excitations were created artificially and solely for illustration purpose, and the resulting vibration patterns usually will not be observed in practice. In order to study a more general case of cable vibration which is often induced by random excitations such as wind loads, a Gaussian white noise excitation was applied over the full length of the cable to excite multi modes of cable vibration. The time history of the input force is shown in Fig. 13 .
Applying the proposed semi-active control algorithm, the principal mode of vibration was first identified through signal processing using Eq. (31), then the optimal linear equivalent damping of the MR damper corresponding to the maximum cable damping for the principal mode of vibration was computed using Eq. (30), and finally the optimal input current for the MR damper was obtained with the value of 0.5A using Eqs. (4)-(6).
Similar to the previous numerical examples, the displacements of the cable at both the mid-span and the damper location were measured, with and without the optimally designed MR damper The time history of the displacement responses from 0-60 seconds at measured locations and the corresponding power spectrums were shown in Fig. 14 , where the solid line and the dotted line represented the measured data before and after installing the optimally tuned MR damper respectively. It is observed from Fig. 14 that in the case of forced vibration, with the installation of the MR damper which was optimally tuned using the proposed semi-active algorithm, the vibration energy of the cable is significantly reduced for each vibration mode. The time history of the damper force was shown in Fig. 15 . The performance of the MR damper can also be shown by comparing the rms (root mean square) value of the displacement response, before and after installing the optimally tuned MR damper, as summarized in Table 4 . It shows that with the installed optimally tuned MR damper, the vibration of the stay cable was reduced substantially.
It can be seen from Fig. 14 that the principal mode of vibration of the cable under the given Gaussian white noise excitation was the first mode. Thus, the linearly equivalent damping of MR damper was tuned according to the optimal 1 st mode of vibration. However, the figure showed that other modes, such as the 2 nd and the 3 rd mode, of vibration were also significantly suppressed with the MR damper optimally tuned based on the 1 st mode. The effectiveness of MR damper in mitigating multi modes of cable vibration when it is tuned based solely on the principal vibration mode will be examined theoretically in next session.
Control of multimode vibration
From the Universal Damping Curve for linear dampers, represented by Fig. 8 and Eq. (27) , if i th mode is the principle vibration mode of the cable, the dimensionless linear equivalent damping of the MR damper when optimally tuned to the i th mode can be written as in Eq. (29), where the cable achieves the maximum damping ratio for i th mode of vibration as .
Let α = , the corresponding optimal linear equivalent damping of the MR damper can be obtained as Let β = , the above equation can be written as (35) and the relation between and β is illustrated in Fig. 16 .
It can be seen from Fig. 16 that when β either increases from the value of 1 or decreases from 1, i.e., when the j th mode moves further away from the ith mode, the damping ratio of cable corresponding to the j th mode of vibration reduces gradually from the value of 0.5, where the MR damper is optimally tuned to the ith mode.
For example, if the 1 st mode of vibration is the principle mode which contains most of the vibration energy, the MR damper will be tuned so that the cable achieves the maximum achievable 1 st mode damping, i.e., = 0.5. Then for the 2 nd and 3 rd mode of vibration, from Eq. (35) we have = 0.4 and = 0.3 respectively, where the cable achieves 80% and 60% of the maximum Fig. 16 Relation between the maximum damping of cable and modes of vibration achievable 2 nd and 3 rd mode damping respectively. This can be further illustrated by running again the numerical example of 1 st mode free vibration when the MR damper was tuned to the 2 nd mode where β = 2 and the 3 rd mode where β = 3, respectively. The amplitudes of power spectrums of displacement responses at the mid-span of cable for the cases of β = 1, 2 and 3 were summarized and compared in Table 5 . It can be seen from Table 5 that when the MR damper was tuned according to the 2 nd and the 3 rd mode of vibration, i.e., β = 2 and 3, while the actual principle vibration mode was the 1 st mode, the reduction in vibration energy was about 76% and 60% compared to the case of β = 1. This agreed with the theoretical analysis presented above in Eq. (35) and shown in Fig. 16 . Other higher mode damping can be evaluated through the similar way.
It has been observed in practice that the stay cable of bridges is more prompt to lower modes of vibration and the vibration energy usually contained in a few adjacent modes. Therefore, by optimally tuning the MR damper based solely on the principal vibration mode using the proposed semi-active control algorithm, the vibration energy of adjacent modes can be effectively suppressed as well, and consequently, multi modes of cable vibration will be mitigated significantly.
Conclusions
This paper studied the optimal damping performance of the cable-MR damper system and investigated the effectiveness of the MR damper as a semi-active control device for the vibration mitigation of stay cable. The mathematical model of the MR damper was first obtained through a performance test, and the relation between the damping parameters and the input current was established. Then, an efficient semi-active control strategy was derived, where the damping of MR damper was tuned according to the principle mode of vibration of stay cable, in order to achieve maximum damping for the cable. Simulation study was carried out to verify the semiactive control algorithm proposed for suppressing the cable vibrations induced by different loading patterns using optimally tuned MR damper. It was shown that in both cases of free and forced vibrations, with the installation of the MR damper which was optimally tuned using the proposed semi-active algorithm, the vibration of the stay cable was reduced substantially. Finally, the effectiveness of MR damper in mitigating multi modes of cable vibration was examined theoretically, and it showed that by optimally tuning the MR damper using the proposed semiactive control algorithm, multi modes of cable vibration can be mitigated significantly. Experimental studies and field tests shall be carried out in the future to verify the proposed semiactive control algorithm. 
